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A Locally Polar Geometry Associated With the Group HS 
S. YosHIARA 
A locally polar geometry with point residues HJC32), admitting a flag-transitive group 
Aut(HS), is constructed and described in terms of both subgroups and graphs. A geometric 
construction of a maximal subgroup M11 of HS is also given. 
1. INTRODUCTION 
In this note, an example of locally polar geometries with point residues generalized 
quadrangles H3(32) is defined and described in terms of both subgroups and graphs. 
This geometry admits a flag-transitive group G isomorphic to the automorphism group 
of the Higman-Sims group, in which the stabilizer Gp of a point P is isomorphic to 
L3( 4): 22• Conversely, it was shown in [8) that this is the unique locally polar geometry 
of rank 3 with point residues H3(32), which admits a flag-transitive group the point 
stabilizers of which do not induce actions containing U4(3) on point residues. The 
flag-transitive locally polar geometry of rank 3 with classical, thick point residues are 
classified in [4), except the case in which point residues are isomorphic to H3(32). This 
remaining case is settled in [8). 
For convenience, here we repeat the definition of locally polar geometries of rank 3. 
For simplicity, we will use the term c. Cz-geometries, instead of locally polar geometries 
ofrank 3 (see [4), [8]). A geometry T= (~, .2, 2l; *) ofrank 3 is called a c.C2-geometry 
if the following conditions are satisfied: 
(1) The residues of elements of ~are generalized quadrangles. 
(2) The residues of elements of .2 are generalized 2-gons. 
(3) The residues of elements of 2l are isomorphic to the geometry of vertices and edges 
of a complete graph. 
In Section 2, we will give a quick construction of a c. C2-geometry using conjugacy 
classes of suitable subgroups of the automorphism group of the Higman-Sims group, 
assuming the existence of some subgroup isomorphic to M11 • Incidence is defined by 
the isomorphism types of intersections. In Section 3, we independently give a more 
geometric construction of this geometry, using a concrete representation of the 
Higman-Sims graph (see [1]) inside the Leech lattice. The above subgroup isomorphic 
to M11 will be constructed as a stabilizer of suitable set of 11 edges in this graph. 
Throughout this note, we will use the ATLAS notation [3) to show the isomorphism 
types of groups. Furthermore, G will always mean the automorphism group of the 
Higman-Sims group of order 210 • 32 ·53 • 7 · 11. 
For any flag Fin a geometry T= (~, .2, 2l; *) of rank 3 and any X E {~, .2, 2l}, 
X(F) means the set of elements in X incident with F. 
2. CoNSTRUCTION IN TERMs OF SuBGROUPS 
The construction of our geometry r depends only on the existences of (maximal) 
subgroups X and M of G as in Lemma 1 below. Although we can find such subgroups 
by consulting [3, p. 80), an explicit proof will be given in the following section, using 
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the interpretation of G as the automorphism group of the Higman-Sims graph on 100 
points. 
LEMMA 1. There are maximal subgroups X= L3(4).22 and M = M11 of G with 
xnM=Mw. 
DEFINITION. Let r!J = {X8 Ig e G}, :£ = {E8 Ig e G} and 2l = {M8 Ig e G}, where 
X = L3 ( 4) : 22 and M = M 11 are subgroups in Lemma 1 above, and E is a Sylow 
3-subgroup of G. We define an incidence* on r!J U :£ U 2l by declaring; 
r!J3Y*NE2l whenever Y n N = M 10 
f£3F*Zer!/JU2l whenever F c Z. 
We denote the resulting geometry r: F= (r!J, :£, 22; *). Elements in r!/J, :£and 2l are 
called points, lines and circles, respectively. In the following, r always means the above 
geometry. 
In order to check that the above geometry is, in fact, a flag-transitive c. C2-geometry 
with point residues U4(3)-quadrangles, we will observe the following two lemmas. 
Lemma 2 will be proved in the following section. 
LEMMA 2. If two distinct subgroups X, Y e r!J satisfy IX n Yl 3 > 1, then E := 
0 3(X n Y) = E9 and Nx(E) =X n Y = Ny(E). 
LEMMA 3. Let E be a Sylow 3-subgroup of M n X = M10 , where X and M are 
subgroups as in Lemma 1. Then: 
NMnx(E) = £9: Qg, NM(E) =E9: Qg. 2, 
Nx(E) = (E9:Q8 • 2) X 2, Na(E) = ((E9:Q8 • 2) X 2) · 2. 
Moreover, any element t of order 4 of (M n X) not in (M n X)' normalizes exactly two 
conjugates of E in X. 
PROOF. Since M11 acts primitively on the pairs of 11 points, we have NM(E) = 
M9 · 2=£9 : Q8 • 2, and NMnx(E) =M9=E9:Q8 • 
Let a, r and u = ar = ra be the elements in X= L3(4) · 22 corresponding to the 
field, inverse-transpose and unitary automorphism of X'= L3(4), respectively. Then 
U:=CX'(u)=U3(2)=E9:Q8 , Cx(u)=VX(u), where V:=U(r) has a semi­
4dihedral Sylow 2-subgroup S of order 16; that is, S = ( w, f) with w = f 2, r = 1 and 
wf = w 3• Since E is a Sylow 3-subgroup of G, we may assume that E =0 3 ( U), and so 
Cx(u) ~ Nx(E). Since S acts on E faithfully, the 2-groups Nx(E)!Cx(E) and 
Na(E)/Ca(E) of GL2(3) are isomorphic to S. By the character tables of L3(4) and HS 
(see [3, pp. 24, 81]), we can conclude that ICx(E)i = 2a for some a~ 2 and 
JCa(E)I = 2b ~ 21Cns(3A)I 2 = 24 . In the latter case, in fact, b ~ 3, since there is an 
element of S fixing a non-trivial element of E. Then, by Sylow's theorem, we have 
a= 1 and b = 2. Thus, Nx(E) = Cx(u) and [Na(E): Nx(E)] = 2. 
Let t be an element of order 4 in ( M n X)\(M n X)'. Then t is contained in an 
M9-subgroup of M n X= M10 , and normalizes an £ 9-subgroup F of M n X. Thus we 
may assume that E = F and t e T\X', where T := S x (u) is a Sylow 2-subgroup of 
Nx(E) = Cx(u). Since T nX' = (r,f), where r = w2 , the set of elements of order 4 in 
TnX' and in T\X' coincide with fi':={r±,f±, (if)±} and fi'u, respectively. Thus 
t e fi'u. 
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Now assume that a Sylow 3-subgroup Ex of X is normalized by t. Note that we may 
take x EX'. Then xtx-1 ENx(E), and so we may assume that xtx- 1 E T. Then there are 
two elements t and xtx- 1 in the set :Jiu, which are X'-conjugate. Note that there are 
three conjugacy classes of elements of order 4 in L3(4) =X' and that they are fused by 
the diagonal automorphism of order 3. Thus the set :Ji contains representatives of each 
of these three classes: {/±}, {r±} and {(if)±}. It follows that xtx-1 = t±. Since tK = t-1 
for some element g E :Ji, we have x E Cx.(t) or gt E CX'(t). As g normalizes E, we have 
Ex E {Eh If E Cx·(t)} in either case. Now, by direct computation (or quoting the result 
ICL3( 4)(4D)I = 8 in [3, p. 24]), we may check that ICX'(t)l = 8. Since CX'(t) n NG(E) = (g) = 4, where gu = t, g E :Ji, the set of X -conjugates of E normalized by t has the 
cardinality ICG(t): Cx(t) n Nx(E)I = 8/4 = 2. 0 
Now we will start to verify that our geometry r is a flag-transitive c. C2-geometry 
with point residues U4(3)-quadrangles H3(32). 
LEMMA 4. The group G acts flag-transitively on r. In particular, for a maximal flag 
(X, E, M) in r, where X E ~. E EX and ME 22, we have: 
1~1 = 1100, lXI = 154 000, 1221 = 11200; 
IX(X)I = 280, 122(X)I = 112, I~(E)I = 2, 122(E)I = 4, 
I~(M)I = 11, IX(M)I =55; 
I~(E, M)l = 2, IX(X, M)l = 10, 122(X, E)l = 4. 
PROOF. Since 22 is a conjugacy class of G, to show the flag-transitivity it suffices to 
verify that two flags (X, E) and (Y, F) in the residue r(M) are M-conjugate, where 
M E22. Since M11 has one class of M10-subgroups, we may assume that X n M = Y n 
M. Then, by Lemma 2, we have X = Y, and so EK = F for some g EX n M, since E 
and F are Sylow 3-subgroups of X n M. The flag-transitivity of G follows. 
Since X E ~ and ME 22 are maximal subgroups of G, the stabilizers of points and 
lines are isomorphic to X and M respectively. Then, by the flag-transitivity and Lemma 
3, we can compute the cardinalities of the sets in the lemma. 0 
LEMMA 5. (1) The residue T(M) of a circle M is isomorphic to the geometry of 
vertices and edges of the complete graph on 11 vertices. 
(2) The residue T(E) of a line Eisa generalized 2-gon. 
PROOF. By Lemma 4, we have the correct numbers of points and lines in T(M). For 
any two distinct points X, Y E ~(M), by Lemma 2, X n M and Y n M are distinct 
M10-subgroups in M. Then X n Y n M = M9 , and so E := 0 3(X n Y) E X(M) by 
Lemma 2. Thus two distinct points in ~(M) determine a unique line in X(M) incident 
with them, and conversely any line in X(M) is incident with exactly two points in 
~(M) by Lemma 4. Claim (1) follows. 
By Lemma 4, we have I~(E)I = I~(E, M)l = 2 for any circle M incident with a line 
E. Claim (2) follows. 0 
LEMMA 6. The residue T(X) of a point X is a U4(3)-generalized quadrangle H3(32). 
PROOF. By Lemma 4, we have the correct numbers of lines and circles of the 
residue T(X) for a point X. We will say that a line E e X(X) is collinear with a line 
F E X(X) whenever they incident with a circle C E 22(X). Assume that there are two 
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distinct circles M, N E 22(X) incident with both lines E and F(E =I= F) in 2(X). Then 
E =1= F c X n M n N = M9 , which is a contradiction. Thus, in r(X), there is at most 
one circle incident with given two lines. 
Now we will note that there is no triangle in F(X), where a triangle means a triple of 
mutually collinear lines in 2(X), not all of them are incident with a circle C E 22(X). 
Suppose a triangle exists. Then there are three distinct lines E 0 , Ev E2 E 2(X) and 
three distinct circles M0 , Mv M2 E 22(X) such that Mi-t* Ei *Mi for any i = 0, 1, 2 
(mod 3). Since Ei c X n Mi-l n Mi = M9 , we have Ei = 0 3(X n Mi-l n Mi) for any 
i = 0, 1, 2 (mod 3), and the group X n M0 n M1 n M2 = Q8 must normalize three 
distinct lines Ev E 2 , £ 3 • Since this Q 8-group contains an element of order 4 not 
contained in X', this contradicts Lemma 3. Thus there is no triangle in F(X). 
If we fix a circle M in 22(X), we have 10 lines Ei E 2(X), i = 0, ... , 9 incident with 
M. There are three circles (=I=M) incident with each Ei, each of which is incident with 
nine lines in .;t'(X) distinct from Mi. Since there is no triangle in r(X), there are 
10 + 10 · 3 · 9 = 280 lines in .;t'(X), which are of distant at most 3 from M. Since 
J2(X)I = 280 by Lemma 4, these are all the lines in 2(X). Thus, for any circle M and 
any line F not incident with M, there is a unique line Ei incident with M and collinear 
with F. Hence F(X) is a generalized quadrangle. Since it is of order (9, 3), by [5, 
(6.2.2), p. 124], it is isomorphic to the U4(3)-quadrangle H3(32). 0 
PROPOSITION 1. The geometry r is a flag-transitive c. C2-geometry with point residues 
U4(3)-quadrangles H3(32). 
PRooF. This follows from Lemmas 4, 5 and 6. 0 
We summarize below the actions of stabilizers on the corresponding residues. Proof 
is easily obtained by the definition of rand Lemma 3. 
LEMMA 7. Let (X, E, M) be a maximal flag in r, where X E '!J, E E2, ME 22. 
Then: 
Gx =X acts faithfully both on 2(X) and on 22(X), 
GM = M acts faithfully both on '!J(M) and on 2(X), and 
GE = N0 (E) has the kernels Nx(E) and NMnx(E) of the actions on '!J(E) and on 22(E), 
respectively. 
3. CONSTRUCTION IN TERMS OF A GRAPH 
Let <:§ = ('V, !&') be a Higmam-Sims graph with the set 'V of 100 vertices and the set I&' 
of 1100 edges. The automorphism group of W is isomorphic to G, and acts transitively 
both on 'V and on 'If. The stabilizers of vertices and edges in Aut(W) are maximal 
subgroups of Aut(W) isomorphic to M22 • 2 and L3(4) · 22, respectively. From now on, 
we will identify Aut(W) with G. Then we may identify the conjugacy class '!} in the 
previous section with the set !&'. 
In order to describe <:§in terms of the Leech lattice (see [2], 3, p. 80]), we use some 
conventions. Let (Q, 0') be the Steiner system of type 24- (8, 5, 1) with the set of 24 
points Q := {oo, 0, 1, ... , 22} and the set of 759 blocks 0'. Each element of 0' contains 
eight points, and is called an octad. We use M to denote the automorphism group of 
(Q, 0'), which is isomorphic to the Mathieu group of degree 24. For disjoint subsets 
A, B ~ Q with JA I~ 8 we set O'(A) := { 0 E 0' IA~ 0}, O'(A; B):= { 0 E O(A) IB n 0 = 
0}. We have JO'(i, j)J = 77, IO'(i, j, k)l = 21 and JO'(i, j; k)l =56 for any distinct points 
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i, j, k E Q. Let u; be the ith unit vector in the Euclidean space ~ 24 indexed by the set 
Q, u0 := I:;eoU; and Uc := I:;ec2u; for an octad C. Then the 1::-submodule of ~24 
generated by the vectors u 0 - 4u"' and Uc, C E 0, is called the Leech lattice and is 
denoted by A. The permutation group M on the index set Q acts naturally on ~ 24 , and 
stabilizes the Leech lattice A. 
Using the notation above, the graph ri = ('V, IS) is described as follows. For any 
vectors s, tin A with lis II = lit II = 48 and lis- til = 32, we may take 'V = {v E A lllv II = 
llv -sll = llv- til= 32}, and IS 3 {v, w} whenever llv- wll = 48. For explicitness, we 
will takes = u 0 + 4u"' and t = u0 + 4u0 • Then 'V consists of the following 1 + 22 + 77 = 
100 vectors: 
v* := 4u"' + 4u0 , V; := u 0 - 4u;, Uc, where i = 1, ... , 22; C E O(oo, 0). 
We may observe that llv- wll = 32 or 48 for two distinct vertices v, wE 'V. For a 
vertex v E 'V, we set 'V(v) :={wE 'V lllw- vii= 48} and 'Vc(c) :={wE 'V lllw- vii= 
32}, the set of vertices adjacent and non-adjacent to v, respectively. We have 
'V(v*) = {v; Ii = 1, ... , 22}, 
'V(v;) = {v*} U {uc ICE O(oo, 0), i E C}, 
'V(uc) = {v; I i E C} u {uv IDE O(oo, 0), c n D = {oo, 0} }. 
For an edge x = {v, w} E IS, we set 'Vc(x) := 'Vc(v) n 'Vc(w). For subsets A of edges, 
we set rc(A) := neeA rc(e). Two distinct edges X and y are called adjacent if they 
contain a vertex in common. Furthermore, for non-adjacent edges x = {xv x2 } and 
y = {y1, y2}, we set [x, y] :=IS n {{x;, yj} I i, j = 1, 2}. Finally, for an edge x, we denote 
by IS'(x) the set of edges adjacent to x, and set IS;(x) := {e E IS ll[e, x]l = i} fori~ 4. 
Now we fix an edge e1 = {v*, vi}, and set X:= Ge the stabilizer of the edge e1 .1 , 
Since 'V(v*) = {v; I i= 1, ... , 22} and 'V(v;) = {v*, uc ICE 0, oo, 0, i E C}, there is no 
triangle in ri containing the edge ev and therefore IS3(x) = IS4(x) = 0 for any edge 
x E IS. We note that the group Moo.o = M22 and an involution a in M interchanging oo 
and 0 act on the graph ri = ('V, IS), since they fix the vectors s and t above. The group 
Moo,o( a)= M22 • 2 coincides with the stabilizer of the vertex v* in G, in which Moo,o acts 
naturally on 22 vertices v; (i = 1, ... , 22) in 'V(v*). We may assume that a fixes 1. 
Then the group L (a), where L := Moo,o, 1 = M21 = L3( 4), is a subgroup of X of index 2 
· 22fixing two vertices v* and v1 in e1 . Since there is no subgroup of type L3(4) in 
M22 • 2, X contains an element interchanging two vertices v* and v1 , and therefore 
Gv,v1 = L(a). 
We set L1 := Q\{oo, 0, 1}, C' := C\{oo, 0, 1} for each octad C E 0. Then 
(.1, O'(oo, 0, 1)), where O'(oo, 0, 1) := {C' ICE O(oo, 0, 1)}, is a Steiner system of type 
2- (21, 5, 1), that is, a projective plane PG(2, 4) over IF4 • Thus we may identify 
O(oo, 0, 1) with the set of projective lines in PG(2,4) by c~c'. Similarly, we may 
identify the sets O(oo, 0; 1), 0(1, oo; 0) and 0(1, 0; oo) with the three classes of 
hyperovals in L1 [1], under the action of L = L3 ( 4). Note that the stabilizer of an octad 
0 in M = M24 is of type 24 : As, where (24)# consists of involutions fixing exactly 8 
points in 0, and the stabilizer of a point i It 0 is isomorphic to As [2]. Since the As acts 
naturally on 0 of eight points, we have Mc,oo,o, 1, =A6 for any hyperoval C in .1. As 
[L3(4): A6] =56, this group coincides with the stabilizer of a hyperoval C in L. Since 
the fixed points of the involution a on Q form an octad containing 1, a fixes exactly 
seven points in .1, and therefore corresponds to an field automorphism of L = L3(4). 
Since a interchanges oo and 0, the group X has two orbits on the hyperovals: the set 
0(1, oo; 0) U 0(1, 0; oo) of 112 hyperovals with stabilizers in X isomorphic to A 6 • 2, and 
the set O(oo, 0; 1) of 56 hyperovals with stabilizers in X isomorphic to Aut(A6). 
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LEMMA 8. The stabilizer X= L3(4) · 22 of the edge e1= {v*, v1} has the following 
four non-trivial orbits on 'l;: 
Orbits Lengths Stabilizers 
'jg'(et) 42 24:Ss 
'jg2(e1) 105 22+4. 3.22 
'jgl (e1) 
'jgo(e1) 
672 
280 
Ss 
(32: Q8 • 2) X 2 
In particular, Lemma 2 follows. 
PROOF. Since L = L3(4) is transitive on the set 'Y(v1) = {v; Ii e L1} of projective 
points and X contains an element interchanging v*and Vv 'jg(e1) is an X-orbit of size 
2 · 21 =42. The stabilizer of a vertex v; in X is a parabolic subgroup 24:S5 in 
Xv.,v, = L3(4) · 2z, the extension of L3(4) by the field automorphism. Since any edge 
e e 'jg2(e1) is of shape {v;, uc} for some i e L1 and C e O(oo, 0, 1) with i e C, we may 
identify 'jg2(e1) with the set of flags in the projective plane PG(2, 4). Thus 'jg2(e1) is an 
X-orbit of size 21 · 5 = 105, and the stabilizer of e in X is a Borel subgroup of X. 
Now any edge e in 'jg1(e1) is of shape either { V;, uC} for some i e L1 and C e O(oo, 0; 1) 
with i e C, or {itc, uv} for some C e O(oo, 0; 1) and De O(oo, 0; 1) with C n D = {oo, 0}. 
The subgroup 1Yfc,oo,o,1= A 6 stabilizing a hyperoval C e O(oo, 0; 1) is transitive both on 
six points in C and on six projective lines disjoint from C. Since the stabilizer Aut(A6) 
in X of C does not have a subgroup of index 6, the above two sets are fused by Xc. 
Then 'jg1(e1) is an X-orbit of size 56· 6 · 2 = 672 with stabilizer S5 , the unique subgroups 
of index 12 in Aut(A6). 
Any edge e in 'jg0(e1) is of the shape {uc, uv} for some hyperovals C, De O(oo, 0; 1) 
with C' n D' = 0. For each hyperoval C e O(oo, 0; 1) there are 16 octads D with 
C' nD' =0, and 10 of them do not contain the point 1. Since Mc,oo,o, 1=A6 is 
transitive on such 10 hyperovals in O(oo, 0; 1), the set 'jg0(e1) is an X-orbit of size 
56· 10/2 = 280. The stabilizer of e = {uc, uv} in Xc = Xuc,un is of type E 9 • Q 8 • 2, the 
unique subgroup of index 10 in Xc P' Aut(A6). Since the index of this group in X is 
560, the stabilizer Xe contains an element interchanging uc and uv, and therefore 
Xe = (£9, Qs · 2) X 2. 
Sirice 1 + 42 + 105 + 672 + 280 =1100 = I'jgl, we have exhausted all the edges, and 
therefore the lemma is proved. 0 
DEFINITION. The two edges x andy are called -adjacent (denoted x-y) whenever 
l[x, y]I = 0. For any subset A = {x11 ••• , xm} of mutually -adjacent edges, we set 
'jg(A) := {y e 'jg Iy -x;, i = 1, ... , m}. 
We will observe the action of the stabilizer Gx,y of two -adjacent edges x andy on 
the set 'jg(x, y ), and examine a maximal set of mutually -adjacent edges. By Lemma 8, 
we may assume that x = e1 and y is any edge in 'jg0 (e1). For explicitness, we take 
y = {uc, uv}, where C = {oo, 0, 3, 8, 14, 15, 18, 20} and D = {oo, 0, 6, 9, 10, 16, 21, 22}. 
Then 'Y" is the set of vertices uF, where Fe O(oo, 0; 1), IF n Cl =IF n Dl = 4. By 
observing the list of all octads [7], we may determine such hyperovals, and therefore 
'jg(x, y), the set of edges in 'Y"(x, y). The proof of the following lemma is based on this 
explicit description. (For the detail, see the Appendix.) We use the same notation as in 
Lemma 8. 
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LEMMA 9. Let e be an edge -adjacent to e1 • Then: 
(1) The set ~(e~> e) consists of 108 edges, and is divided into two orbits 8i"1 and ~of 
sizes 36 and 72, respectively, under the action of the stabilizer of the edges e1 and e in G. 
(2) For any edge x in ~' a maximal set of mutually -adjacent edges containing e~> e, x 
is of size at most 11. There is a unique maximal set of mutually -adjacent edges of size 
11, containing e~> e, x. 
(3) For any edge y in 8F2 , a maximal set of mutually -adjacent edges containing 
e~> e, y is of size at most 10. There is a unique maximal set of mutually -adjacent 
edges of size 10, containing e~> e, y. 
PROOF. (1) By observing the list of octads [7], we can verify that I'Vc(e~> e)l = 36 
and each vertex in 'J!C(e~> e) is adjacent to exactly six vertices in 'J!C(e~> e). (See 
Tables 1 and 2 in the Appendix.) Since ~(e 1 , e) is the set of edges in the sub­
graph on 'JIC(e~> e), we have l~(e, e1)1 = 36 · 6/2 = 108. The stabilizer of a vertex 
UF E 'J!C(ev e) in Xe preserves F', F' n C', F' n D', and so a partition ofF' of type 
23 • By Lemma 8, this group is a subgroup of a cyclic group of order 4. Since 
I'JIC(ev e)l = 36, the stabilizer Xe,up contains an element interchanging C and D, and 
isomorphic to 4 x 2. This group has two orbits on six vertices in 'Vc(ev e) adjacent 
to uF: For F= {oo, 0, 9, 12, 18, 19, 20, 21}, one orbit containing uK, where K= 
{oo, 0, 3, 4, 6, 7, 14, 22} is of size 2, and the other contains u" where J = 
{oo, 0, 3, 4, 10, 15, 16, 17}, is of length 4. Thus Xe has two orbits 8i"1 and~ on ~(e~> e), 
where ~ is of length 36 containing the above edge {uF, uK}, and ~ is of length 72 
containing the above edge {uF, u1 }. 
(2) Let x be an edge in 8}"~> W := 'J!C(e~> e) n 'Vc(x). We consider the subgraph of <9, 
with W the set of vertices, and denote by W(i) the set of vertices of W with valency i 
in this subgraph. Then, by observing the explicit hyperovals F, K above, we can verify 
the following (see Table 3 in the Appendix): I "WI= 24, I"W(3)1 = I"W(4)1 = I"W(5)1 = 8; 
any vertex in W(3) is adjacent to two vertices in W(5) and one vertex in W(4), any 
vertex in W(4) is adjacent to three vertices in W(5) and one vertex in W(3), and any 
vertex in W(5) is adjacent to two vertices in W(3) and three vertices in W(4). 
An edge z = {zv z2 } in W is called type (i, j), if z1 e W(i) and z2 e W(j). It follows 
from the above observation that there are (3 + 4 + 5)8/2 = 48 edges in W, in which 
there are 8, 8 · 2 = 16 and 8 · 3 = 24 edges of type (3, 4), (3, 5) and (4, 5), respectively. 
Moreover, for edges z of type (3, 4), (3, 5) and (4, 5) there are 5, 6 and 7 edges in W 
adjacent to z, respectively. 
Now, let A be a maximal set of mutually -adjacent edges containing e~> e, x. Then 
A' :=A\{e1 , e, x} is a subset of the edges in W, in which any two edges do not contain 
an adjacent edge in common. Thus IA'I :s;; 48/(5 + 1) = 8, and the equality holds only if 
A' consists of edges of type (3, 4). Conversely, we can check that all edges in Wof type 
(3, 4) are mutually -adjacent. Thus the claim (2) follows. 
(3) We will use the similar notation in the proof above. In this case, we have the 
following (see Table 4 in the appendix): I WI = 24, I W(3)1 = 2, IW(4)1 = 18, I W(5)1 = 4; 
any vertex in W(3) is adjacent to one vertex in W(3) and to two vertices in W(5); any 
vertex in W(5) is adjacent to one vertex in W(3), to one vertex in W(5) and to three 
vertices in W(4); W(4)=W(4)+UW(4)-, where I"W(4)+1=12 and any vertex in 
W(4)+ is adjacent to one vertex in W(5), to one vertex in W(4)+ and to two vertices in 
W(4)-; I"W(4)-I = 6 and any vertex in W(4)- is adjacent to four vertices in W(4)+. 
Thus there are (3 · 2 + 4 · 18 + 5 · 4)/2 = 49 edges in W, in which there are 1, 4, 12 
and 2 edges of type (3,3), (3,5),/(4,5) and (5,5), respectively, 24 edges of type 
(4+, 4-) and 6 edges of type (4+, 4+). 
In fact, we have the following subgraphs on W\ W(4) and W (see Figures 1 and 2). 
88 S. Yoshiara 
'/
. -
­
FIGURE 1. Subgraph on 'W\ 'W(4). 
In these figures, edges in 'W"(3), 'W"(5), 'W"(4)+ and 'W"(4)- are denoted by a doubled 
hollow circle, doubled circle with the filled inner circle, filled circle and a hollow circle 
respectively. Furthermore, in Figure 2, each vertex in 'W"(4)+ is adjacent to the 
antipodal vertex. (The six edges obtained from the pairs of antipodal vertices in 'W"(4)+ 
consist of the maximal mutually -adjacent edges in the subgraph on 'W", adjoining the 
unique edge with vertices in 'W"(3).) 
Now let A be a maximal set of mutually -adjacent edges containing et> e and y. 
Then A' :=A\{e1 , e, y} consists of edges in 'W", in which any two edges do not contain 
an adjacent edge in common. Then we have the following four possibilities for A' n 
U(i,i)*(4,4>'W"(i, j): (1) two edges of type (5, 5); (2) one edge of type (4, 5) and one edge 
of type (5, 5); (3) one edge of type (4, 5) and one edge of type (3, 5); or (4) one edge of 
type (3, 3). On the other hand, by the above information, A' contains at most six edges 
of type (4, 4). The set Yof edges of type (4+, 4+) is the unique maximal set of mutually 
-adjacent edges in 'W"(4), and any edge in 'W"(4) is adjacent to some edge in Y. 
Assume that one of cases (1)-(3) holds. Then there is at least one edge f of type 
(4, 5) adjacent to an edge in A', and there are at least 3 · 4 = 12 edges of type (4+, 4±) 
adjacent to f. Thus we have IA'I ~ 2 + 4 = 6 by the above argument. On the other 
hand, if case (4) holds, then IA'I ~ 1 + 6 = 7 and the set A' with IA'I = 7 is uniquely 
determined. 0 
FIGURE 2. Subgraph on 'W(4). 
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Now we will give another definition of our geometry r. 
DEFINITION. Set '1/>' := 'jg, the set of edges, 2' :=the set of all pairs {x, y} of edges 
with x ~ y, !l' :=the set of maximal mutually ~adjacent edges of size 11. We define an 
incidence*' by natural inclusion, and call the resulting geometry T'. 
PROPOSITION 2. The group G acts on the set !l' transitively, and the stabilizer Gn of 
an element n of !l' is isomorphic to M 11 • In particular, Lemma 1 follows. 
PROOF. By Lemma 8, 9 (1), G is transitive on the set fJ of ordered triples (x, y, z) 
of edges such that x ~ y ~ z ~ x and z lies in the orbit of size 36 of Gx,y on 'jg(x, y ). By 
Lemma 9 (2)(3), for each element n = {xv ... , x 11} in !l' and distinct 1 ~ i, j, k ~ 11, 
(x;, xi, xk) is a such triple, and n is uniquely determined by (x;, xi, xk)· Thus G is 
transitive on fl', and the stabilizer of n E !l' in G is triply transitive on 11 edges in n. 
Moreover, by counting the cardinality of the set {(n;x1 , x2 , x3) In E !l', (xv x2 , x3) E 
fl, X; En, i = 1, 2, 3}, we have lfl'l = 1100 · 280 · 36/11 · 10 · 9 = 11200, and therefore 
IGnl = IGI/Ifl'l = 24 • 32 • 5 · 11. Thus Gn = M11 • Since the stabilizer Gn,e of an edge e in 
n is a subgroup of index 11, Gn n Ge = M10• 0 
(1) We can verify that, in the above, Gn = M11 is maximal in G, andREMARKS. 
Gn n Ge is a maximal M10-subgroup of Ge = L3(4) · 22, where e *'Jr. (2) Lemma 9 (2)(3) 
shows that the axiom (BH) (see [4]) does not hold in T', because there are triples of 
mutually ~adjacent edges but not contained in an element n E !l'. 
We will describe the residue A'(e1) in terms of hyperovals. In [1], the Higman-Sims 
graph is described using the hyperovals. 
LEMMA 10. The residue T'(e1) is isomorphic to the generalized quadrangle H3(3
2). 
where C, DE O(oo, 0; 1), C n D =PROOF. Take an edge e = {uc, uv} in 'jg(e1), 
{oo, 0}. We may check that there are exactly four hyperovals H in 0(1, oo, 0) U 
0(1, 0; oo) such that IH' n C'l = IH' n D'l = 3. We fix such a hyperoval Hand let I(H) 
• Since there is a unique octad containing thebe the set of all partitions of H' of type 3
2 
given five points, {C, D} is the unique pair {A, B} of hyperovals in O(oo, 0; 1) with 
where X 1 =CnH' and X 2 =DnH'. The groupAnH'=X1 and BnH'=X2 , 
XH =A6 • 2 contains a subgroup of type A 6 fixing 1, {oo, 0}. Since it acts transitively on 
the set I(H) of (~)/2 = 10 partitions, there is a unique pair {E, F} of hyperovals in 
for a given partitionO(oo, 0; 1) with En F = {oo, 0}, En H' = X 1 and F n H = X 2 , 
{X1 , X 2 } in I(H). Thus we can define a map Cfrom I(H) to 'jg(e1) by C({X1 , X 2}) := 
{uE, uF }, where E, Fare the above hyperovals. 
We will observe that C(H) := {ev C(~) I~ E I(H)} is a maximal set of 11 mutually 
~adjacent edges containing e. For two distinct partition~= {X1 , X 2 } and TJ = {Y1 , Y2 } 
we have IX; n }}I= 1 or 2 for any i, j = 1, 2. Then the distinctof H' of type 32 , 
, U£2 } and C(TJ) = {ufi, ufi},hyperovals E; and Fj in O(oo, 0; 1), where C(~) = {u£ 1 
contains at least three points in common, and therefore IE; n Fjl = 4 for any i, j = 1, 2. 
This implies that C(~) ~ C(TJ). Thus by Lemma 9, the set C(H) is a maximal set of 11 
mutually ~adjacent edges. Moreover, four such hyperovals HE 0(1, oo; 0) U 0 give all 
maximal sets of 11 mutually ~adjacent edges containing e1 and e. 
Since there is no triangle in T'(e1) by Lemma 9 (2)(3), by the similar argument in the 
proof of Lemma 6, we can prove that T'(e1) is a generalized quadrangle of order (9, 3). 
Thus it is isomorphic to H3(32). 0 
PROPOSITION 3. The above geometries rand T' are isomorphic. 
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FIGURE 3. Orbit diagram for the point-line graph of r. 
PROOF. We must show that for e1 E ~,, {f, e} E 2' and Jr E 22', f = e1 iff X= Ge c 
0 3(Gu,e}) and f E ;riff X n G:n: = M11 • This follows from Lemma 8, 9. D 
1 
4. CONCLUDING REMARKS 
(1) By [8], the geometry Tis simply connected. 
(2) The stabilizer G:n: = M11 of a circle ;r has five orbits on the set of points of lengths 
11, 132, 132, 330 and 495 with stabilizers M10 , As, As, 2 · A 4 and Q8 • 2, respectively. 
(3) We can obtain the parameters of the point-line graph of r, by proceeding similarly 
as in the proof of Lemma 8, 9 (see Figure 3). 
(4) The Euler characteristic x(r) for the geometry r is divided by 32 = IGb, but the 
reduced Lefschetz module L(r) [6] does not give a projective module for G, since 
fixed subgeometry by an element of order 3 in G is not connected. 
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APPENDIX 
In this appendix, we use the notation introduced in Section 2, especially in Lemma 
9, Recall that e1 = {v*, v1}, e = {uc, uv}, where C and D are the octads 
{oo, 0, 3, 8, 14, 15, 18, 20} and {oo, 0, 6, 9, 10, 16, 21, 22}, respectively. We first list up 
all the 36 vertices UK,, 1.::; i.::; 36 in the set rc(ev e) (see Lemma 9 (1)). In Table 1, the 
hyperoval K 3j+k\{oo, 0} appears in the position at the (j + 1)th row and the (k + 1)th 
column, where 0.::; j.::; 12 and 0.::; k .::; 2. 
By recalling that uK, is adjacent to uKj iff K; n Kj = {oo, 0}, we have Table 2. In this 
TABLE 1. 
Vertices in 'V"(ev e) 
3 4 10 15 16 17 3 5 6 9 15 19 3 4 6 7 14 22 
3 13 14 16 19 21 3 9 10 11 12 14 2 3 4 8 9 21 
3 5 8 11 16 22 3 9 13 17 20 22 2 3 6 12 16 20 
3 5 7 10 20 21 3 6 11 17 18 21 2 3 10 18 19 22 
7 9 14 15 17 21 5 10 13 14 15 22 2 6 8 15 17 22 
8 9 12 13 15 16 8 10 11 15 19 21 4 6 13 15 20 21 
7 15 16 19 20 21 4 9 11 15 18 22 2 5 15 16 18 21 
6 7 10 12 15 18 2 7 8 10 14 16 5 6 8 12 14 21 
6 10 14 17 19 20 4 5 9 14 16 20 211 14 20 21 22 
12 14 16 17 18 22 2 6 9 13 14 18 4 8 10 12 20 22 
6 7 8 9 11 20 5 8 9 10 17 18 4 6 8 16 18 19 
7 8 13 18 21 22 10 11 13 16 18 20 9 12 18 19 20 21 
TABLE 2 
Adjacency in 'V"(e1 , e) 
24 27 29 31 34 36 23 27 28 30 34 35 16 17 21 32 35 36 
15 20 22 30 31 32 15 18 19 21 33 34 14 19 22 25 28 35 
13 18 22 25 29 36 17 21 22 23 24 33 13 14 17 20 32 34 
15 16 20 28 29 33 14 16 19 23 26 30 13 16 18 24 26 31 
7 9 12 30 33 35 6 9 11 31 33 36 4 5 10 26 35 36 
3 10 11 12 25 27 3 8 9 26 28 29 5 7 12 23 28 32 
5 6 11 24 29 32 4 9 10 23 24 25 3 5 8 25 30 31 
4 6 7 8 26 27 2 8 11 18 20 36 1 8 12 19 20 35 
6 7 16 20 21 34 11 12 15 17 22 34 1 2 16 22 32 33 
2 6 10 17 18 31 1 7 10 17 19 30 2 4 11 13 21 29 
1 4 12 14 21 28 3 4 9 18 19 27 5 8 10 13 14 27 
1 2 5 9 25 26 2 3 6 13 15 24 1 3 7 14 15 23 
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TABLE 3 
Adjacency in 'W for x e .91'1 
2 27 28 30 34 20 4 9 10 24 25 
4 20 22 30 31 22 4 6 8 26 27 
5 18 19 33 34 24 8 12 19 20 
6 19 22 25 28 25 6 20 34 
8 22 24 33 26 11 12 22 34 
9 13 20 34 27 2 22 33 
10 20 28 29 33 28 2 6 10 18 31 
11 19 26 30 29 10 19 30 
12 13 18 24 26 31 30 2 4 11 13 29 
13 9 12 30 33 31 4 12 28 
18 5 12 28 33 5 8 10 13 27 
19 5 6 11 24 29 34 2 5 9 25 26 
TABLE 4 
Adjacency in 'W for x e .91'2 
2 28 30 35 18 5 12 28 32 
4 20 22 30 32 19 5 6 11 32 
5 18 19 21 33 20 4 9 10 25 
6 19 22 25 28 35 21 5 8 25 30 
8 17 21 22 33 22 4 6 8 26 
9 13 17 20 32 25 6 16 20 21 
10 16 20 28 33 26 11 12 17 22 
11 16 19 26 30 28 2 6 10 17 18 
12 13 16 18 26 30 2 4 11 13 21 
13 9 12 30 33 35 32 4 9 18 19 
16 10 11 12 25 33 5 8 10 13 
17 8 9 26 28 35 2 6 13 
table, the position at (j + 1)th row and the (k + 1)th column shows the vertices K1 
adjacent to the vertex uK3i+>" After this table, for simplicity, the vertex uKi is denoted 
by j. 
The edge x = {uF, uK} belongs to the orbit Bi't of length 36 (see Lemma 9 (1)), where 
F = 36(=K36) = {oo, 0, 9, 12, 18, 19, 20, 21} and K = 3(=K3) = {oo, 0, 3, 4, 6, 7, 14, 22}. 
By Table 2, the following 24 vertices Kj consist of the set 'W= 'V"(e1 , e) n 'Vc(x): 
2, 4, 5, 6, 8, 9, 10, 11, 12, 13, 18, 19, 20, 22, 24, 25, 26, 27, 28, 29, 30, 31, 33, 34. 
Furthermore, we have Table 3, the rows of which show the vertices in 'W adjacent to 
the corresponding vertex in 'W. 
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Similarly to the above, we can list the vertices in "W:= 'V"(ev e) n 'Vc(x) for the 
edge x = {uF, uJ} E fli2, where F = 36 as above and J = 1 = {oo, 0, 3, 4, 10, 15, 16, 17}. 
The set "W consists of the following 24 vertices: 
2, 4, 5, 6, 8, 9, 10, 11, 12, 13, 16, 17, 18, 19, 20, 21, 22, 25, 26, 28, 30, 32, 33, 35. 
Finally, we have Table 4, which shows the adjacency among these vertices. 
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